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Exercise 2.3.5

Evaluate (be careful if n = m)
ˆ L

0
sin

nπx

L
sin

mπx

L
dx for n > 0, m > 0.

Use the trigonometric identity

sin a sin b =
1

2
[cos(a− b)− cos(a+ b)].

Solution

Assume that n 6= m. Use the product-to-sum formula for sine-sine.
ˆ L

0
sin

nπx

L
sin

mπx

L
dx =

ˆ L

0

1

2

[
cos
(nπx
L
− mπx

L

)
− cos

(nπx
L

+
mπx

L

)]
dx

=
1

2

[ˆ L

0
cos

(n−m)πx

L
dx−

ˆ L

0
cos

(n+m)πx

L
dx

]
=

1

2

[
L

(n−m)π
sin

(n−m)πx

L

∣∣∣∣x=L

x=0

− L

(n+m)π
sin

(n+m)πx

L

∣∣∣∣x=L

x=0

]
=

1

2

{
L

(n−m)π
[sin(n−m)π − sin 0]− L

(n+m)π
[sin(n+m)π − sin 0]

}
=

L

2π

[
sin(nπ −mπ)

n−m
− sin(nπ +mπ)

n+m

]
=

L

2π

[
(n+m)(sinnπ cosmπ − sinmπ cosnπ)− (n−m)(sinnπ cosmπ + sinmπ cosnπ)

(n−m)(n+m)

]
=

L

2π

(
−2n sinmπ cosnπ + 2m sinnπ cosmπ

n2 −m2

)
=
L

π

(
m sinnπ cosmπ − n sinmπ cosnπ

n2 −m2

)
If n and m are integers, then this integral is zero. Assume now that n = m.

ˆ L

0
sin

nπx

L
sin

mπx

L
dx =

ˆ L

0
sin2

nπx

L
dx

=

ˆ L

0

1

2

(
1− cos

2nπx

L

)
dx

=
1

2

(ˆ L

0
dx−

ˆ L

0
cos

2nπx

L
dx

)
=

1

2

(
L− L

2nπ
sin

2nπx

L

∣∣∣∣x=L

x=0

)
=

1

2

[
L− L

2nπ
(sin 2nπ − sin 0)

]
=
L

2

(
1− sin 2nπ

2nπ

)
If n is an integer, then this integral is L/2.
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